Introduction
Classical Galois theory is the study of finite separable field extensions and their relation to the group of relative automorphisms of a field extension. If P/k is a field extension, there exists a unique maximal intermediate subfield Σ such that Σ/k is separable [6, IV, §1] . Σ is called the separable closure of k in P . Classical Galois theory provides information about Σ/k when Σ/k is a finite extension, but no information about the purely inseparable extension P/Σ.
The lattice of subfields of a finite purely inseparable extension is often very large, and we will restrict our attention to a certain type of purely inseparable extension. A finite field extension L/K is called modular if there exists a subset {x 1 , . . . , x n } such that L ∼ = K(x 1 ) ⊗ K · · · ⊗ K K(x n ). The first careful study of modular extensions was begun by Sweedler [10] , and Chase [2] proved the existence of a Galois correspondence between modular extensions and special sub-group schemes of the automorphism scheme of a purely inseparable extension.
We seek to describe modular extensions by studying the endomorphisms of the field extension. It is a consequence of the Jacobson-Bourbaki Theorem [6, p.22 Theorem 2] that there is a 1 − 1 correspondence between intermediate subfields of a finite purely inseparable extension L/K and certain subalgebras of the ring of K-linear endomorphisms of the extension. In fact, unlike the classical Galois theory regarding intermediate normal subextensions of a field extension, the Jacobson-Bourbaki Theorem gives a Galois correspondence between intermediate subfields and subalgebras of the algebra of endomorphisms in which the type of subfield or field extension is irrelevant.
For any ring extension B/A, define Diff A B to be the ring of differential operators of B which are linear with respect to A. Combining the JacobsonBourbaki Theorem with the well-known fact that End K L = Diff K L whenever L/K is finite purely inseparable, one can ask whether the subalgebras Diff 
K L as an L-subspace. It follows directly from this theorem that we can use these subsets to determine the maximal modular subextension of a finite purely inseparable extension:
The first section of this paper will provide a simple introduction to differential operators on purely inseparable extensions, while the second section will state properties of generators for such extensions. The third section contains the main theorem and corollary, as well as a technical lemma that may have future use to provide explicit constructions of differential operators on field extensions.
Differential Operators on Finite Purely Inseparable Extensions
To study the endomorphisms of a finite purely inseparable extension, it suffices to study the ring of differential operators of the extension. Proposition 1. Let L/K be a finite purely inseparable extension and suppose
Proof. Since L/K is a finite extension, the degree of the extension is a power of p. Hence there exists an e ∈ Z such that L
e by the definition of a differential operator (cf. [4, §16.8 
]).
Galois correspondences for purely inseparable extensions were first studied by Jacobson, and he showed a close relationship between exponent 1 extensions and their modules of derivations. This correspondence follows directly from the Jacobson-Bourbaki Theorem and cannot be extended to include extensions of higher exponent. Sweedler's study of modular extensions relates Hasse-Schmidt derivations (or higher derivations) [5] to certain modular subextensions and provides motivation for studying the higher order differential operators on purely inseparable extensions.
Theorem 2. [10, Theorem 1] Let k be a field of characteristic p > 0 and suppose K/k is a finite purely inseparable extension of exponent e. The following are equivalent:
2. There exist higher derivations of K for which k is the subfield of constants. Note that for any finite purely inseparable extension K/k, if F is the subfield of constants of all higher derivations of K/k, then K/F is modular and F will be the smallest intermediate subfield such that K/F is modular. By the JacobsonBourbaki Theorem, any intermediate subfield k ⊆ F ⊆ K with K/F modular corresponds to a unique K-subalgebra of End k K. The main theorem will give an intrinsic description of these subalgebras.
K
We end this section by defining special classes of differential operators that are required to distinguish modular from non-modular extensions. Let A be a ring of prime characteristic p > 0 and B a commutative A-algebra. For any positive integer n, write Diff 
For example, let L/K be a modular field extension with a p-basis {x 1 , . . . , x n } such that e i = exp[
be the unique endomorphism of L/K sending x
. Similarly,
powers of Der K L, and denote it by Γ
There is a natural map 
Pickert Generating Sequences
To better study the differential operators on a purely inseparable field extension, it is worthwhile to determine more properties and invariants of the extension. For a purely inseparable extension L/K and any x ∈ L, set exp[x : K] to be the exponent of x in K, and exp[L : K] to be the exponent of L/K. Definition 3. Let L/K be a finite purely inseparable extension of fields of characteristic p > 0. A sequence {x 1 , . . . , x n } ⊂ L is called a Pickert generating sequence if the x i form a p-basis for L/K and for each i,
Any p-basis of a finite purely inseparable extension can be ordered to make it a Pickert generating sequence. Let e i denote the exponents in Definition 3. For any α ∈ L, exp[α :
. Thus e 1 ≥ e 2 ≥ · · · ≥ e n , and
is a K-basis for L. Rasala [9] showed that the sequence of exponents is independent of the choice of p-basis for a finite extension.
Pickert [8] originally proved the following theorem, which Rasala applied in his work studying properties of purely inseparable extensions.
These polynomials in the x i will be called the structure equations for L/K corresponding to the Pickert generating sequence {x 1 , . . . , x n }, and
For each i, the definition of e i guarantees that q i is the minimal power of p for which the structure equations have the property described in Proposition 4.
Pickert generating sequences provide another criterion for determining modularity: Modularity can be determined from the exponent sequence by Proposition 5, but this determination will still be non-intrinsic since a choice of p-basis is required in the proposition. The structure equations of an extension, however, can be related to behavior of the differential operators, allowing us to construct another test for modularity.
Differential Operators on Modular Field Extensions
The filtration of the differential operators by their orders provides the necessary information to determine which subrings of End K L correspond to modular extensions by the Jacobson-Bourbaki Theorem. To prove the main theorem, the following technical lemma is required.
Lemma 6. Let K be a field of characteristic p > 0 and suppose L/K is a finite purely inseparable extension of K. Let {x 1 , x 2 , . . . , x n } be a Pickert generating sequence for L/K with corresponding exponent sequence e 1 ≥ e 2 ≥ · · · ≥ e n and let D be a differential operator of order N in Diff K K(x 1 , . . . , x i ) for some Proof. Set q i = p ei and let f i+1 be the structure equation for x i+1 with respect to the Pickert generating sequence {x 1 , . . . , x n }. Thus x qi+1 i+1 = f i+1 (x 1 , . . . , x i ) where, by Proposition 4, the degree of each x j in f i+1 is a multiple of q i+1 .
. Therefore, the map D as defined in the statement of the lemma is a well-defined endomorphism of K(x 1 , . . . , x i+1 ) over K and is unique by the direct sum decomposition of K(x 1 , . . . , x i+1 ). Since K(x 1 , . . . , x i+1 )/K is a finite purely inseparable extension, every endomorphism is a differential operator by Proposition 1. Hence,
The order of D is greater than or equal to the order of D as differential operators in Diff K K(x 1 , . . . , x i ) and Diff K K(x 1 , . . . , x i+1 ), respectively. Thus, it remains to show that the order of D is N . Suppose M is the order of D. Then there exist a 1 , . . . , a M such that
where z = 0. This expression is symmetric in the a i and is a derivation in each commutator. That is, for any a, b ∈ K(x 1 , . . . , x i+1 )
Hence, Equation 1 can be decomposed as a sum of commutators such that one of the summands is nonzero. In particular, there exists a nonnegative integer J and g 1 . .
where the number of x i+1 's in this expression is J. By Gerstenhaber [3, Lemma
where c is a nonnegative integer, then using a formula proven by Nakai [7, Corollary 11.2], Equation 2 simplifies to 
Each f i+1 is a polynomial of degree at least q i+1 , hence the order of the differential operator [D, f i+1 ] is at most N − q i+1 . Therefore the order of the differential operator in Equation 4 is at most N − cq i+1 − (M − J) = N − M . This iterative commutator is a differential operator of order 0 by its original construction, hence N = M and the order of D equals the order of D.
Theorem 7. Let L/K be a finite purely inseparable extension with exponent e and let char K = p > 0. L/K is modular if and only if for all 0
. Hence, by the isomorphism in Equation 5 , any D ∈ Diff K L is a linear combination over L of differential operators of the form
where 0 ≤ a j < l j . D a1,...,an ∈ A i if and only if a 1 + · · · + a n ≤ p i , so for some
Now suppose L/K is not a modular extension. We will find elements a, b ∈ L with a ∈ L is the only summand of f with α ∈ K \ L q . Then solving the structure equation of z for α, we get
The right-hand side is a qth power in L, which contradicts α / ∈ L q . Thus, at least two of the coefficients of terms of f are not in L q . Let C denote the set of all such monomials of f . C has at least two elements, so f must have K-independent summands ax is not the product of differential operators of lower order in Diff K K(x 1 , . . . , x i−1 ), D is not the product of differential operators of lower order either. Therefore, D is not in the L-span of A i for any i and the theorem is proven.
An immediate corollary of the theorem is Corollary 8. Let L/K be as in the theorem. Let D be the L-subalgebra of Diff K L generated by the A i . Then D is the largest subalgebra of Diff K L such that L/L D is a modular extension.
